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The dynamic behaviour of a bubbling fluidised bed markedly changes when the bed 
is run close to Umf or when it is shallow. It is shown that these changes can be 
explained using the kinematic models of Clift and Grace (1,2) and Davidson (3) (the 
model implementation is described in detail by Croxford (11)). The use of this model 
and tomographic measurements allows the conclusions to be made for three-




The performance of a bubbling fluidised bed is largely governed by the distribution of 
the bubbles within it.  There has been extensive work on the effects of bubbles in a 
bed from the early work of Rowe (4,5), which showed their importance for the mixing 
of both gas and particles in a bed of the distribution of bubbles within a bed.  If it is 
possible to understand and control the distribution of bubbles in a fluidised bed then 
it is possible to control the overall performance of a bed.   
 
As part of earlier work in the current project Lim (6) showed that the distribution of 
bubbles is directly related to the gas flow rate into the bed, and also if the bubble 
distribution into the bed is understood and controlled, then the conditions within the 
bed can be controlled at their optimum point. 
 
Because fluidised beds are opaque, much of the previous study of bubble 
distribution has been limited to planar beds, which allow the bubbles to be seen 
clearly. These work well, but have a different geometry from practical beds.  
Development of electrical capacitance tomography (ECT) allowed Makkawi and 
Wright (7) to investigate the voidage distribution within three-dimensional cylindrical 
beds. This was, however, limited to the study of a single horizontal plane within the 
bed.  
 
One solution to the opacity of a cylindrical bed is to examine bubble distribution and 
model the bubble motion within the bed.  This allows it to be characterised under a 
variety of conditions.  Kaart et al.(8,9) and Korte et al.(10) modelled a bed and 1
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attempted to control it using the distribution of the bubbles. Both these cases were 
limited to the planar case. 
 
Lim et al. (15) used the work of Clift and Grace (1,2) to simulate the motion of 
bubbles within a bubbling fluidised bed.  Extensive validation of the model was 
carried out using video of a planar bed at various flow rates. It was shown that the 
distribution of bubbles was reproducing the behaviour of the actual bed. The direct 
use of the Clift and Grace model allowed the extension of this approach into the 
study of three-dimensional fluidised beds with relative ease.   
 
Previous measurements (12,15) have shown that the dynamic behaviour of a 
bubbling bed is regular over a wide range of conditions, and that the model of Clift 
and Grace predicts the dynamics of beds well.  However, there is a marked change 
in the dynamics of a bed and a loss in their regularity when the bed is shallow or is 
bubbling close to the point of minimum fluidisation.  It was thought that this change in 
behaviour might be owing to introduction of effects such as local defluidisation that 
are not accounted for by Clift and Grace’s model.  This paper shows that in fact it is 
possible to account for the change by the alterations in the bubbling pattern that 
occur under these conditions, and that these can be predicted using Clift and 
Grace’s model.  The practical consequence of this is that the bubble behaviour, and 
hence many of the important characteristics of a fluidised bed is dominated by the 
kinematics of the bubbles, and this can be robustly described using Clift and Grace’s 
model.   
  
BUBBLE DISTRIBUTION MODEL 
 
The Clift and Grace model is a simple model that makes use of the assumptions of 
the Davidson model (3) to describe the relative motion of bubble pairs. The model 
assumes that any bubbles’ velocity is the sum of the velocity that bubble would have 
if rising in isolation and the velocity the particulate phase has at the nose of the 
bubble due to the presence of other bubbles. This velocity is calculated based on the 
Davidson potential flow model of the particle and gas flow around a bubble. The use 
of potential flow allows the principle of superposition to be applied; that is the velocity 
of any bubble within a bubble field will be equal to the sum of the velocity of its 
interactions with every other bubble. 
 
The modelling process for each time step is: 
• Gas is allowed into the bed with any in excess of Umf forming bubbles. 
• Bubbles are created at random locations at the base of the bed and with a 
random size for a range of sizes determined by the performance of a porous 
plate distributor in an actual bed. 
• The velocity of each bubble is determined by its interaction with every other 
bubble according to the Clift and Grace model. 
• Any bubbles within 90% of the sum of their radii are coalesced, creating a 
bubble containing the same volume of gas as the children and at the location 
of the lead bubble. 
• The calculated velocities are used to determine the bubble’s position for the 
next time step. 
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This process is repeated to create a time series of bubble sizes and positions. A full 
explanation of this models derivation is beyond the scope of this paper but can be 




Lim (6) validated the performance of a model of this type in a planar bed using video 
data. This approach is not possible in a 3D bed, but it is possible to gain confidence 
that the different geometry does not affect the reliability of the model by comparing 
its results with the data gathered by Makkawi and Wright (7) using ECT. The 
simulation was run using the same size of bed and gas flow as Makkawi and Wright 
(7), and then compared with the ECT results. To create a solid fraction plot, the 
simulation data was time averaged to produce a scaled value of solid fraction as 
produced by the ECT, shown in figures 1(a) and 1(b).  These can be compared with 
the experimental data measurements of Makkawi and Wright shown in figure 1(c) 
and 1(d). 
 
The figures show good agreement with the basic shapes of the distributions with the 
solid fraction values matching well those recorded from the ECT system. The data at 









(a) Figure showing the solid distribution in the 
simulated bed at 0.47 m / sec 
 
(b) Figure showing the solid distribution in the 
simulated bed at 0.9 m / sec 
 
(c) Figure showing the solids distribution from 
experimental bed at 0.47 m / sec 
 
(d) Figure showing the solids distribution 
from experimental bed at 0.9 m / sec 
 
Figure 1: Figure showing a comparison between the simulated solid fraction and 
that recorded experimentally by Makkawi and Wright (7). The comparison is 
carried out at two different flowrates, with the same conditions in the simulation 
and experiment (Figures 1(c) and 1(d) are taken from Makkawi and Wright(11)). 
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Further validation was carried out in Croxford (11) and through the use of the 
simulation to recreate a voidage field when controlling the conditions in the bed 
using pressure in Croxford and Gilbertson (12). The results were similarly 
encouraging suggesting that the bed model is reproducing the bubble distribution 
with a high degree of accuracy. With the efficacy of the bubble distribution model 
shown, the fundamental study of bed dynamics, specifically the effect of various bed 
conditions on the bubble distribution can be investigated. 
 
THE EFFECT OF BED DEPTH ON BUBBLE DISTRIBUTION 
 
An effect seen by Lim (6) and Croxford et al. (12) is that of critical depth for shallow 
fluidised beds. Croxford et al. (12) showed that above a certain depth the behaviour 
of a fluidised bed remains uniform, with symmetry around the circumference of the 
bed. Increasing the bed’s depth beyond this point does not affect the dynamics; 
decreasing the bed’s depth below this critical depth results in the bed behaving in an 
unpredictable, non-uniform way. The simulation developed by Lim (6) and Croxford 
(11) and described above can be used to investigate this effect and see if the simple 











To recreate the effect of critical depth, the bed simulated had the same dimensions 
as that used in lab experiments:  a cylinder with a diameter of 138mm with either a 
(a) Figure showing the void distribution in the 
shallow bed (below critical depth) 
 
(b) Figure showing the void distribution in the 
medium bed (above critical depth) 
 
(c) Figure showing the switching in the shallow 
bed (below critical depth) 
 
(d) Figure showing the switching in the 
medium bed (above critical depth) 
 Figure 2: Figure showing a comparison between the simulated solid fraction in a 
shallow and medium bed, and the switching in a shallow and medium depth bed. 
The shallow depth bed represents a level below the critical depth, and the 
medium one above. High values are distinguished by darker shading.    
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shallow depth of 206mm (below critical depth), a medium depth of 365mm (above 
critical depth), or a deep depth of 462mm (above critical depth). In all cases the gas 
flow was 16.5mm/s in excess of Umf (78mm/s).   
 
Figures 2(a) and 2(b) show the proportion of time that a position was occupied by a 
bubble.  Figures 2(c) and 2(d) shows the cumulative count of the number of times 
bubbles have passed through an area; so, an area dominated by small bubbles will 
be occupied by bubbles for a similar length of time as one where there are larger 
bubbles, but will have a higher value for switching. This can be seen towards the 
bottom of both beds in figure 2.  
 
The basic pattern of bubbling is the same as that seen in the planar studies carried 
out by Lim (6), Grace and Harrison (13), and Werther (14). There are essentially two 
main bubble streams that merge to become one due to the effects of coalescence. 
This suggests that the bubble distributions in two- and three-dimensional systems 
are similar. The effect of the twin streams in the three-dimensional bed is less 
pronounced than in the planar beds.  This is possibly because although the 
cylindrical bed is not as wide as many of the planar beds used, it has a much larger 
area, so the central bubble stream has less influence on the streams at the very 
outside edges of the bed, and does not pull them in. 
 
There are significant changes in bubble behaviour between shallow and deep beds. 
In the shallow bed the average solid fraction at the top of the bed is much more 
uniform across the width of the bed than in the deeper case  
(i.e. between figure 2(a) and (b)), suggesting that there is not a single stream of 
bubbles in the middle of the bed. This will mean that the bubbles will be appearing 
almost uniformly across the surface of the bed. In the deeper bed there is a definite 
peak, suggesting that the bubbles have coalesced into a single stream. This 
supports the suggestion of Lim (6) and Croxford et al. (12) that the effect of critical 







When studying the switching plots (figures 2(c) and (d)) there are again differences 
between the shallow and deep beds. In the shallow plot there are high levels of 
switching taking place throughout the beds height, which suggests that there are 
more small bubbles present. In addition, it appears as though there are two streams 
of small bubbles present; that is, they have not coalesced to form a single stream of 
(a) Figure showing the standard deviation across 
the shallow bed (below critical depth) 
 
(b) Figure showing the standard deviation across 
the medium bed (above critical depth) 
Figure 3: Comparison between the standard deviation of pressure in the shallow and 
medium beds. 
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large bubbles that will draw in all of the smaller bubbles. In the deeper case there is 
clearly an area where switching is dropping off, which is associated with large 
bubbles dominating the single central stream. The peak in the switching at the top of 
the deep bed is associated with smaller bubble streams that have survived at the 
periphery of the bed. 
 
When these tests were repeated using a bed at the deepest depth, the results were 
as above for the medium bed (i.e. similar to figures 2(b) and (d)) supporting the view 
that above the critical depth the bed behaviour becomes relatively uniform. 
 
These conclusions are supported if a horizontal plane through the bed is plotted, as 
shown in figure 3. Here the shallow bed has peaks in the standard deviation of 
pressure plot across its surface, suggesting that the nature of the bubbling at the 
surface is not uniform and is occurring across the area of the bed. In the deeper 
case the transition is a smooth one to a central peak. 
 
These results suggest that the three- and two-dimensional cases exhibit similar 
behaviour in terms of the factors that drive bubble distribution. It also suggests that 
the effect of critical bed depth is largely due to the lack of time for a single bubble 
stream to be formed. 
 
THE EFFECT OF GAS FLOWRATE ON BUBBLE DISTRIBUTION 
 
Lim (6) and Croxford et al. (12) found that a bubbling fluidised bed becomes less 
uniform and predictable at flow rates close to Umf, but behaves in a linear, 
predictable manner above Umf. The simple bubble distribution model developed here 
was used to see whether this change in behaviour could be predicted. To do this the 
proportion of time that locations in the bed were occupied by bubbles is shown in a 
vertical plane through the centre of a cylindrical bed for a variety of flow rates in 
figure 4.  It is clear that at the lowest flow rate (that in figure 4(a)) there is a very 
different behaviour from that seen at the higher flow rates.  At the lowest flow rate 
there is very little gas in excess of Umf, which means that few relatively small bubbles 
are generated, which have a much smaller effect in terms of drawing in surrounding 
bubbles than larger bubbles.  This results in a much more uniform distribution of 
bubble residence across the bed as each individual bubble is less affected by the 
rest.  
 
As the flow rate into the bed is increased to that seen in figure 4(b), so there are 
more large bubbles present within the bed, and these tend to draw other bubbles 
into the streams. As the flow rate is increased further in figures 4(c) and (d) the size 
of the region at the top of the bed where there are almost always bubbles present 
increases, but overall behaviour remains unaffected. This is because the bubbles 
are big enough to coalesce rapidly resulting in a stream of single large bubbles 
moving roughly in the centre of the bed. 
 
It is interesting to note that there is a significant change in the bubble distribution 
predicted by the simple model of Clift and Grace.  Croxford et al. (12) thought that 
the change in behaviour of the bed at low gas flow rates is due primarily to the 
presence of localised defluidised regions within the bed. This work suggests that 
although that this may also be the case, there is also a role played by changes in the 
bubble distribution.   6
















This work has shown that effects such as critical depth and the nature of bubble 
distribution are not affected by the change from a two- to a three-dimensional 
geometry, with the results being the same as those seen in a planar bed. 
 
The bubble distribution determines the overall performance of bubbling fluidised 
beds, and it has been shown here that when the depth and the flowrate are 
decreased below critical levels, the bubble distribution is predicted to significantly 
change, and this can account for the changes of a bed’s dynamics that have been 
measured. This is in keeping with the results seen by Croxford et al. (12).  The use 
of the bubble model has suggested that the mechanism behind the non-linearity at 
low flow rates may be caused by the changes in the bubble distribution. 
It would be valuable to extend this model to larger beds to confirm that the bubble 
distributions follow the same patterns.  In addition, if the model could be adapted to 
include localised effects such as defluidisation, this would provide further insight. 
 
(a) Void distribution at 5.5 mm/s 
 
(b) Void distribution at 16.5 mm/s 
 
(c) Void distribution at 27.5 mm/s 
 
(d) Void distribution at 38.5 mm/s 
 
 
Figure 4: Comparison of the proportion of time bubbles are present in a vertical
section through the centre of a bed at various flow over Umf. In all cases the
bed is 138mm diameter filled to 365mm (above critical depth). It appears that
there is a greater bubble residence in the lowest flow rate, but this is not the
case, and is a result of the colour map chosen to maximise the contrast in each
plot. 
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